
Kic6-TripleIntegrals



Suppose that the box B

(X, y ,
z) points in 3d where

MB

a = X = b,c y = d
,

+ - z = 9

is described by all

·Let f(x
,y , z) be a function

defined on B.

AExi f(x, y ,
z) =

xy + z

We want to define the integral of over B.

First we sub-divide B inton sub-boxes By

using planes parallel to the xy-plane,

yz-plane,
and Xz-place.

Suppose each block By

has volume AV.

For each k,
let

- point in Br.(x,Y ,
z) be

Let A be the

length of the

largest diagonal She
amongst the Br .

we don't see



Then we can

create the following

weighted Sum

·A
-
take the

nu volume of
add each Br
up all &thisthe weighted anlight it

volumes on
factor

the right

Now we
let n + x [#boxes ]

and D20 [size of the boxes
-> 0

to define the triple integral :

SSS + (x,3 ,
z)dV[B = linf

A+ 0

if the limit exists .



-

↓te: You can think of the integral

as "adding up" all the values of

f(x, 7 , z) over E in some sense .

-

is continuous on the
Threem: If f(x

, y ,
z)

with

box B defined by all (x
, Y ,

7)

a =X = b
,
cy-d,

f 1 z = 9 theniiiB

Eat: You can re-order the dx
, dy ,

dz

Win any order that you want .
Just

Make sure to change the integral bounds also



Ex: Calculate SSSxyzdV where B

B

is defined by 0x11 ,
02 y = 2

,
02z61 .

SSSXyzdV = []xeddyda
B

integrate with respect to X

constants
treat y and z as

= I dedand contract

= [](+ yz - 0]dydz
I dy)d

integrate with respect

treat z as a
constant



=(tydz
= S'(t - 2z-t . 0

? z")dz

= Szdz
= 5)

.

= +(1)- 5(03

=



~roperties of the triple integral

① SS(f(x ,2 ,z) +9(x,2 ,z]dV

= SSt(x,y ,
z)dV + f((g(x, 3,

z)dv

② If < is a constant
,

then

SS)c. fliYz1dV = c (S))f(x, > , z1dv]

③ To calculate the volume of E,

integrate f(x,y ,
z) = 1 over E

.

----

That is ,

G
E

Voluma(E) = SSS1d n

-



Ex : Use the triple integral to

-

find the volume of the

box B defined by

a[X = b
,
cy[d,

fez19 .

MB

The volume
is

9db

SS1dv= ·
-xde
= Sj(x1] de de

= S99b-aldd a

= (b - a)(S1dydz]
=(- a) [315= ]dz



= (b - a)j(d- c)dz

= (b - a)(d - c) + d7 ·
= (b- a)(d - c(z)

=
-]

= (b -
a)(d -c)f)
-
- height

depth width

-



Note : To generalize to integrals over any

-

bounded region E
,

as with double integrals,

put E inside a box and define g(x, Y ,
71

to equal f(x , y ,
z) inside E and O outside E

B

And define

~
over more general E ?

Z

Suppose E is z= Uz(X,
y)

described by al F
points (x, 3 ,

2) where &/E
-

u
,
(x,y) = z - Un(x, Y) rand where (x ,Y ,

z) all

lie above D
,

the

of E

projection
into the xy-plane.

Then,

+Xi ,
71dV = SS



# Find the volume of the solidIf that

leave
Intersection of z = 4 and z = X+ y2 occurs

when x2+ y
=

=
4.

i
notethat N,

3) goes through

all the points in D and

D

[for each of these

we have xi+yz = 4
.

*24



Thus
,

the volume is

SSS1av = CS[ *]dA
E D

=S)([x]dA
= SS24

- (x+ y]dA

J convert
to polar
coordinates

=[4-r] rardo

=-r)drd

=



=*(8 -4)d8

=S4 do

= 4

= 4(2π - 0)

~



Note: In physics ,
if the density of

E at any point is given by flxist)

then the mass of E is

mass of E = SSS f(x,y , z) dV

E

⑭
M density-at (x

,y ,
z)[is f(x,Y,

z)

-

You can also project E into either the

yz-plane or Xz-plane if that is easier .

The formulas are similar to the one

~

then projecting into the xy-plane



Ex : LetE be the solid that lies

-

between the come y = X+ z2 and y = 2.

Suppose at each point the density

of E is given by p(x, y,
z) = zy .

Find the mass of E.

*
E

Tig
& this top intersection of

y = 4 and y = X + zoccurs

When 42 = x+ y2

at a circle of radius 4



1Z

As (X
, z)

go through
D) we[have

+E <y -> 4#



We have

SS(f(x, 2 ,
z1dV = SS[d]

E

= S [ ]dA
= SS (4- (E) da

=-= r
=

=
x2+ z2

= Sjar-tr) do
o = +14

002π

= S
*

((0 . 42 - + . 44) - (0 - 0)] do



=*6460

= 6461
= 64(2π - 0)

F



Ex Let E be the solid that lies
-

within the cylinder X + y= 1
,

below

the plane z = 4
,

and above the

paraboloid z = 1-X- y2.

Let the density at each point

be f(x , e , z) = 2y

Find the mass of the solid E.

z
= u

iT
get 0 = 1 -x2 ya&1 = x* + yz



--

& z = 1 - xi-y#



The mass is

SSS25dV
= SS[SdE]

E

= [x]dA
= [S2(4

- (1 - 1y]dA

=[4-(l-r-1) wardt

=Strand
6r2 + 2rY



= (6+do

= S
*

(2 + 3) - (0) do

=I do

=10 !

= 4(2n- 0

-



#te: The above two examples illustrate

"cylindrical coordinates" which

are given as follows :

cylindrical
1 Z

[coordinates

X = ros (b)

z = z↓
·

(x,Y ,z)

Lx + y = r2·
Y = rsin(t)


